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ABSTRACT.

This article presents preliminary results of the mathematical analysis of a

national energy market. The modeling of the studied system was made from

causal relationships between the supply and demand of a national energy

market, obtaining a system of ordinary differential equations of the first order

of the electric power capacity in construction, the electric power capacity

installed and the price of electricity in the market (Redondo et.al, 2018). In

the dynamic analysis of the model, a saddle-node bifurcation was identified for

the case in which the elasticity of the price with respect to the reserve margin
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is considered null, which allowed establishing two prospective scenarios of the
system: absolute disappearance of the supply of electricity or tendency of
growth of the supply to the attention of the demand of the market
Keywords
National energy markets; equilibria point; saddle-node bifurcation;

Dynamical Systems.

The national energy market is one of the main issues of economic activity in
any country. To study its behavior, some models have been constructed that
link the most important variables of these markets. The Ceiba Center and the
National University of Colombia, have been using the Systems Dynamics
methodology with conclusive results for the formation of a regional market
(Ochoa, 2010). Different approaches can be used to establish a model of
electricity markets, to illustrate, consider the price of electricity. Authors have
used statistical techniques (Angelus, 2001, Deng, 2000a, Deng, 2000b, Ethier,
1998, Ethier, 1999, Knittel, 2001, Silva, 2001), neural networks (Velasquez,
2001, Pulgarin, 2001, Rabbit, 2005; Ramsay, 1998; Szkuta, 1998),
computational intelligence models (Souza, 2002), fuzzy systems (Medeiros,
2003) and recurrent neural networks (Hong, 2001). In this document we
analyze a case of the system of equations obtained for the modeling of an

electricity market presented by Redondo et.al. (2018).

The main purpose of this article is to show the preliminary results of
bifurcations found in the mathematical model of national energy markets
proposed by Redondo et.al. (2018), to conclude on its prospective possibilities

in practice.
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Mathematical model for the energy market

The mathematical model of the system considers a system of ordinary
differential equations of the first order of the electric power capacity in
construction x, the installed electric power capacity y, and the price of

electricity in the market z (Redondo et.al, 2018):

Equation 1: Mathematical model of a national energy market.
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where 0 <a <1 is the investment rate in new energy capacity, c € R* U {0} is
the unit generation cost, k; € R* is the construction time, k, € R* is the average
useful life of the generation plants, k; € R is the time of adjustment of the
real price to the price assumed by the consumer, p € R* U {0} is a reference
value of the unit price, g € R is a reference value of the reserve margin, d €
R* U {0} is a reference value of demand, ¢ € Q* U {0} is the elasticity of demand
with respect to price and g € Z* U {0} is the price elasticity with respect to the

reserve margin.
Planar case analysis

To analyze Equation 1, we can consider different cases associated with the
value of the elasticities € and g . For example, if the elasticity of the price with
respect to the reserve margin is zero, g =0, the 3-dimensional differential

system becomes a planar system of the form:
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Equation 2: Simplification of the differential system of Equation 1 for the

case in which the elasticities are zero
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Figure 1: Bifurcation saddle-node under the parameter k, for the case where the

elasticities are null and the maximum in Equation 2 is not zero.

For this system we have the following proposition.

Proposition 1: When the maximum in Equation 2 is zero, the system has a
stable equilibrium point at the origin. When the maximum is not zero, that is,
the reference value of the unit price is greater than the unit generation cost:
p > c, the origin has a saddle-node bifurcation in k, = B,, with B, =p/(a(p —

c)). If k, < B;, the origin is stable. If k, > B, the origin is a saddle node.

Figure 1 shows the simulation of the system showing the sadle-node

bifurcation that occurs due to the variation of the parameter time of
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adjustment of the real price to the price assumed by the consumer k, under
conditions of price elasticity with respect to the margin of zero reserve and

price unit greater than the cost of unit generation: p > c.

Other cases from the elasticities can be considered for the bifurcation analysis
of Equation 1. However, in the context of this paper the discussion of this

found bifurcation case is intended.
Conclusions

The hypothetical case presented, in which the elasticity of the price with
respect to the reserve margin is null, is the case in which the market does not
react to the variations in the supply and demand relationship, which can occur
when there is a regulation that fixes the price, considered here the reference
value p or when the substitute in the market can supply in the same conditions

the demand of the users.

Clearly it is an ideal case that has more theoretical than practical character,
however, it is identified that the realization of investments, given by the
positive maximum in Equation 2, is not enough to guarantee the supply of
electricity to the national market. The system must maintain the adequate and
non-trivial relationship between the reference price and generation costs in

order to maintain supply growth proportional to the growth in demand.

This is the case in which the investment must reach a non-zero minimum to
be viable for the system. This viable minimum was identified in the system as

the bifurcation value B, for the special case studied.
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